Consider the planar n + 1-body problem consisting of a large central body of mass M surrounded by a large number, n, of smaller bodies each having a common mass m distributed uniformly in a circle of radius r and in circular orbit about the central body. By analyzing the situation where one of the smaller bodies is perturbed from this ideal configuration, a linear stability analysis shows that the system is linearly stable if
Now, it is easy to check that z k − z 0 = re iθt e πik/n 2i sin(πk/n)
and hence that |z k − z 0 | = 2r sin(πk/n).
Substituting (5) and (6) into (4) and equating this with (3), we see that
Gm 4r 3 ie πik/n sin 2 (πk/n)
= − GM r 3 − Gm 4r 3 n−1 k=1 1 sin(πk/n) + i Gm
It is easy to check that the summation in the imaginary part on the right vanishes. Hence,
where
First-Order Stability
In order to perform a stability analysis, we need to counter-rotate the system so that all bodies remain at rest. We then perturb the system slightly and analyze the result.
The counter-rotated system is given by
Considering again just j = 0 and differentiating twice, we geẗ
Substituting (4) into (12), we see thaẗ
and consider the nonlinear system defined by
Choosing θ according to (9) makes
a fixed point of this nonlinear system. Let
denote a variation about this fixed point. Then, a first-order expansion of the nonlinear system yields     δ
(20)
(21)
From (11) we see that u k = r cos(2πk/n) and v k = r sin(2πk/n).
Hence,
and v k − v 0 = r sin(2πk/n) = 2r sin(πk/n) cos(πk/n).
From these expressions, we get that
and
Substituting these expressions into (19)- (22), we get that
We are interested in large n. For all n, 0 ≤ I n ≤ J n , and, for large n, J n is orders of magnitude larger than I n (the ratio grows quadratically). Hence, we drop the I n terms and use the following approximation for A:
It is easy to see that the characteristic polynomial for a matrix in the form
By the quadratic formula, the eigenvalues of the matrix are the four values of λ defined by
Applying this formula to the matrix at hand, we see that
The solution to the differential equation is linearly stable if none of the eigenvalues have positive real part. This is equivalent to the following two inequalities:
